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1 Introduction
One of the most fascinating results obtained during the course of investigating string dualities is the
existence of new interacting theories in six dimensions. These theories possess no dynamical gravity;
nevertheless they exhibit many properties of string theory. Such theories are obtained by considering a
number of coincident fivebranes and taking the limit of decoupling the bulk gravity.
An example of such a theory is the (2, 0) superconformal theory obtained in the decoupling limit of
M-theory fivebranes. For several coincident branes, the theory is an interacting conformal field theory
about which rather little is known. However, in the large N limit there is a gravitational description
through the AdS/CFT correspondence, and one finds that the theory contains N3 degrees of freedom.
(This can be obtained either by entropy considerations [1][2] or by calculating the conformal anomaly
of the partition function[3]). It follows that the non-abelian system cannot have a conventional gauge
theory description since N3 ≫ dim GL(N). The conformal anomaly of observables associated with closed
two-dimensional submanifolds have also been calculated [4] in the large N limit.
By contrast, the world-volume theory on a single M -theory fivebrane is well understood and consists
of a free (2, 0) tensor multiplet, i.e. a two-form gauge field with self-dual field strength, five scalars, and
eight spinors. Because of the self-duality constraint on the two-form, there is no covariant action for this
field, but the theory can still be defined in a manner similar to how chiral bosons in two dimensions are
treated [5]. For chiral bosons, we of course know how to write down an interacting theory, namely the
Wess-Zumino-Witten model. So one possible avenue towards understanding the interacting (2, 0) theory
might be to make a similar generalization of the chiral 2-form theory.
In this letter, we will consider the theory of a free non-chiral two-form Bµν on a six dimensional
manifold with coordinates Xµ, µ = 1, . . . , 6. The classical action is
S0 = − 1
12
∫
d6x
√
GHλµνHρστG
λρGµσGντ , (1)
where Hλµν = 3D[λBµν] = ∂λBµν + ∂µBνλ + ∂νBλµ and D is the covariant derivative compatible with
the background metric Gµν . The field strength Hλµν , and thus the action, is invariant under gauge
transformations acting as Bµν → Bµν +∆Bµν , where ∆Bµνdxµ ∧ dxν is a closed two-form with integer
periods. Given a closed two-dimensional embedded submanifold Σ with coordinates σα, α = 1, 2, we can
construct a gauge-invariant Wilson surface observable as
W (Σ) = exp 2πi
∫
Σ
dσα ∧ dσβ∂αXµ∂βXνBµν . (2)
Because of the gauge invariance, we need to introduce a ghost cµ, an antighost b
µ, and a ghost-for-ghost
η. The latter is necessary since the gauge algebra is reducible. The precise form of the ghost action can
be easily obtained using the antifield formalism. However, since the theory is free the ghosts decouple
and the precise form of the ghost action is not necessary. To gauge fix we use the covariant gauge fixing
condition, DµBµν = 0 and add a gauge fixing term so that the action becomes
S =
∫
d6x
√
G[− 1
12
HλµνHρστG
λρGµσGντ − α
2
(DµBµν)
2] (3)
with some parameter α. A change of α will not affect the correlation functions of gauge invariant
observables, and henceforth we will take α = 1.
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Both the classical action (1) and the observable (2) are invariant under conformal transformations
acting as
δGµν = 2φGµν
δBµν = 0, (4)
where φ is an arbitrary infinitesimal parameter function. This invariance is broken by the gauge-fixing
term, but the expectation values of Wilson surface observables are still formally invariant. Indeed, we
have 〈W (Σ)〉 = exp (−4π2I), where
I =
∫
Σ
dσα ∧ dσβ∂αXρ(σ)∂βXσ(σ)
∫
Σ
dσˆγ ∧ dσˆδ ∂ˆγXµ(σˆ)∂ˆδXν(σˆ)
∆ρσ;µν (X(σ), X(σˆ)). (5)
Here ∆ρσ;µν(X,X
′) = 〈Bρσ(X)Bµν(X ′)〉 is the propagator for the Bµν -field. Since the conformal invari-
ance of the action is only broken by the gauge fixing term, the conformal variation of the propagator
must be given by an exact term, i.e.
δ∆ρσ;µν(X,X
′) = ∂[ρΛσ];µν(X,X
′) + ∂′[µΛ
′
|ρσ|;ν](X,X
′) (6)
for some Λσ;µν and Λ
′
ρσ;ν , where the prime in the derivative indicates that this is a derivative with respect
to the X ′ variable. Since the integral of an exact form over a closed manifold vanishes, it would seem
that I is conformally invariant.
However, in the quantum theory divergences arise and have to be regularized and canceled. This can
be done in a covariant way, but conformal invariance is generally lost. The objective of this letter is to
carry out this procedure and compute the conformal anomaly of this theory. In the next section, we
outline the regularization procedure, in section 3, we discuss the form of possible conformal anomalies,
and in the last section, we present a detailed computation of the anomaly.
2 The regularization procedure
The integrand in (5) divergences along the diagonal of Σ×Σ. To regularize it in a covariant manner,
we exclude from the integration region points with geodesic distance from the diagonal less than some
cut-off distance ǫ, i.e. we consider the regulated quantity
Iǫ =
∫
Σ
dσα ∧ dσβ∂αXρ(σ)∂βXσ(σ)
∫
Σ
dσˆγ ∧ dσˆδ ∂ˆγXµ(σˆ)∂ˆδXν(σˆ)
Θ
(
s2(X(σ), X(σˆ))− ǫ2)∆ρσ;µν (X(σ), X(σˆ)), (7)
where s2(X,X ′) is the square of the geodesic distance and Θ(t) is the step function. On general grounds,
we expect that
Iǫ = ǫ
−2I2 + log ǫI0 + Ifinite +O(ǫ), (8)
where I2 and I0 are given by some local expressions integrated over σ. The divergences can thus be
canceled by local counterterms so that we are left with Ifinite, which however will not be conformally
invariant in general. Indeed, under a conformal transformation we have
δIǫ = ǫ
−2A2 +A0 +O(ǫ), (9)
3
where the anomaly A0 equals the conformal variation of Ifinite. (The coefficient I0 of the logarithmic
divergence of Iǫ is always conformally invariant.)
We are thus interested in the conformal variation of Iǫ. It is given by
δIǫ =
∫
Σ
dσα ∧ dσβ∂αXρ(σ)∂βXσ(σ)
∫
Σ
dσˆγ ∧ dσˆδ ∂ˆγXµ(σˆ)∂ˆδXν(σˆ)[
δ(s2(X(σ), X(σˆ))− ǫ2)δs2(X(σ), X(σˆ))∆ρσ;µν (X(σ), X(σˆ))
+Θ(s2(X(σ), X(σˆ))− ǫ2)δ∆ρσ;µν (X(σ), X(σˆ))
]
. (10)
Using (6) and partially integrating the second term, this can be written as
δIǫ =
∫
Σ
dσα ∧ dσβ∂αXρ(σ)∂βXσ(σ)
∫
Σ
dσˆγ ∧ dσˆδ ∂ˆγXµ(σˆ)∂ˆδXν(σˆ)
δ(s2(X(σ), X(σˆ))− ǫ2) [δs2(X(σ), X(σˆ))∆ρσ;µν (X(σ), X(σˆ))
− ∂[ρs2(X(σ), X(σˆ))Λσ];µν(X(σ), X(σˆ))− ∂′[µs2(X(σ), X(σˆ))Λ′|ρσ|;ν](X(σ), X(σˆ))
]
. (11)
3 The form of the anomaly
The quadratic divergent part of δIǫ can be removed by a covariant counterterm (as we will see). The
finite piece is the conformal anomaly. Only special A0 can be removed by counterterms. Since we are
considering infinitesimal transformations, A0 is linear in the conformal factor φ. Let us consider first the
case of a constant φ, i.e. we set to zero the terms proportional to the derivative of φ. The remaining terms
are the ones that appear in the logarithmic divergence of the correlation function. They are expected to
satisfy a Wess-Zumino consistency condition, i.e. the integral of their conformal variation should vanish.
(This may be proven using the method of [6], but we have not carried out such an analysis). This means
that the integrand is either a conformal invariant or it transforms into a total derivative. Following [7],
we call type A the anomalies that transform into a total derivative but themselves are not total derivates
and type B the ones that are conformally invariant. We further call type C (C for counterterm) the
ones that are themselves total derivatives. Any counterterms will produce terms of this form [3]. We
expect the converse to also be true, i.e. any term which is a total derivative of a covariant expression
can be removed by a counterterm. In our case, there are two possible type A anomalies, and one type B
anomaly, namely
Type A : R(2), (∇2X)2 − 4gαβPαβ , Type B : δαγδβδWαβγδ, (12)
where Pαβ is the pull-back of the tensor Pµν =
1
4 (Rµν − 110Rηµν). Let us now consider the terms that
are proportional to the derivative of the conformal factor. If we would integrate over the whole manifold
(i.e. consider the usual conformal anomalies), then by partial integration these terms would be converted
into a Type C anomalies (i.e. ones that can be removed by counterterms). In our case, however, we only
integrate over Σ. Therefore, the terms that involve derivatives of the conformal factor along the normal
directions cannot be converted into Type C anomalies. Let us call these terms type D. The most general
form of type D terms is fixed by dimensional analysis and covariance to be
Type D : Dµφ∇2Xµ, (13)
where∇2Xµ is the mean curvature vector of Σ (which is equal to the trace of the second fundamental form;
we review the geometry of submanifolds below). Recall that the components of the mean curvature vector
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tangential to Σ vanish, so (13) contains only the derivative of φ in the normal directions. Furthermore, it
is also easy to see that there is no possible type C anomaly (the only candidate consistent with covariance
and dimensions is (13) with µ→ α, but this vanishes as we have just remarked). We therefore conclude
that the most general form of the anomaly A0 is a combination of (12) and (13). We will see that our
anomaly is indeed given by such combination.
4 The computation
To calculate (11), we need the propagator and its conformal variation. These can be obtained at
once by the following method. We first perform a conformal transformation in the gauge fixed action
(3) and then invert the kinetic operator. The terms that do not depend on the conformal factor give
the propagator, and the others give its conformal variation. In this way we obtain the finite conformal
variation, but we will use only the infinitesimal version. Let us perform the conformal transformation
Gµν → e2φGµν . The action (3) becomes
S =
∫
d6x
√
G[− 1
12
HλµνHρστG
λρGµσGντ − 1
2
(DµBµν)
2
+2DκBµνBρσDτφG
κµGνρGστ − 2BµνBρσDκφDτφGµρGνκGστ ]. (14)
After some manipulations we obtain3,
S =
∫
d6x
√
G[
1
4
Bµν [G
µρGνσ(DτDτ +
1
10
R) +RµρGνσ − 2Wµρνσ]Bρσ
+2DκBµνBρσDτφG
κµGνρGστ − 2BµνBρσDκφDτφGµρGνκGστ ] (15)
We are interested in the short distance expansion of the propagator in a background with metric
Gµν . It is convenient to work with Riemann normal coordinates. In these coordinates the metric has the
following expansion,
Gµν = ηµν +
1
3
Rµρνσ(X
′)(X −X ′)ρ(X −X ′)σ +O((X −X ′)3). (16)
Expanding the kinetic operator in Riemann normal coordinates and then inverting it, we obtain the short
distance expansion of the propagator and its conformal variation. (In the final expression, indices are
lowered and raised by the flat metric ηµν ; in the expression below we raised the last two indices in order
to display clearly the various antisymmetrizations.) We get
∆ρσ
µν(X,X ′) =
−1
4π3
1
|X −X ′|4
[
η[ρ
µησ]
ν +
4
3
P[ρ
[µησ]
ν]|X −X ′|2
−1
3
(X −X ′)κ(X −X ′)λ
(
P [µκηλ[ρησ]
ν] + η[µκPλ[ρησ]
ν]
)
−1
2
W[ρ
[µ
σ]
ν]|X −X ′|2 − 1
3
(X −X ′)κ(X −X ′)λW [µκλ[ρην]σ]
+O((X −X ′)3)
]
(17)
and
∆ρσ
µν(e2φG;X,X ′)−∆ρσµν(G;X,X ′) = −1
4π3
1
|X −X ′|4
[ (
ηκ[ρησ]
[µην]τ − ηκ[µην][ρησ]τ
)
×
3Our conventions are as follows Rijk
l = ∂iΓjk
l+ΓiplΓjk
p− i↔ j and Rij = Rikj
k. The Riemann and Weyl tensor are
related as Rµρνσ =Wµρνσ +GµνPρσ +GρσPµν −GρνPµσ −GµσPρν , where Pµν =
1
4
(Rµν −
1
10
Rηµν ).
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× (2∂τφ+ ∂τ∂λφ(X −X ′)λ) (X −X ′)κ
−
(
ηκ[ρησ]
[µην]τ∂κ∂τφ+ 2η
[µ
[ρ∂σ]φ∂
ν]φ
)
|X −X ′|2
+O((X −X ′)3)
]
, (18)
where Pµν =
1
4 (Rµν − 110Rηµν), |X − X ′|2 = ηµν(X − X ′)µ(X − X ′)ν , and all tensors are understood
to be at X ′. For infinitesimal φ, the conformal variation of the propagator is indeed exact (as we have
anticipated since the φ-dependent terms originate from the gauge fixing term). The tensors Λσ;µν and
Λ′ρσ;ν appearing in (6) are equal to
Λσ;µν =
1
4π3
1
|X −X ′|2 ησ[µ
(
∂ν]φ+
1
2
∂ν]∂λφ(X −X ′)λ +O((X −X ′)2)
)
, Λ′ρσ;ν = Λν;ρσ. (19)
The final piece that we need is the geodesic distance between two points X and X ′ in Riemann normal
coordinates and its conformal variation. This can be obtained by integrating the geodesic equation. The
result is
s2(X,X ′) = |X −X ′|2 +O((X −X ′)5), (20)
δs2(X,X ′) = |X −X ′|2
(
2φ+ ∂µφ(X −X ′)µ + 1
3
∂µ∂νφ(X −X ′)µ(X −X ′)ν +O((X −X ′)3)
)
.
To calculate the conformal anomaly we will need some standard facts about the geometry of subman-
ifolds that we now recall. The induced metric is equal to
gαβ = ∂αX
µ∂βX
νGµν . (21)
The Christoffel symbols of the induced metric are equal to
Γ(2)αβ
γ = Gµν∂α∂βX
µ∂δX
νgγδ + ∂αX
µ∂βX
ν∂δX
λΓµν
κGκλg
γδ. (22)
The curvature of the induced metric is related to the target space curvature through the Gauss-Godazzi
equation,
R(2)αβγδ = Rαβγδ +Gµν(Ω
µ
αδΩ
ν
βγ − ΩµαγΩνβδ), (23)
where Rαβγδ is the pull-back of the target space curvature Rµνρσ and Ω
µ
αβ is the second fundamental
form
Ωµαβ = ∂α∂βX
µ − Γ(2)αβγ∂γXµ + Γκλµ∂αXκ∂βXλ. (24)
It follows that
gαγgβδΩαβ · Ωγδ = (∇2X)2 +R(2) − gαγgβδWαβγδ − 2gαβPαβ , (25)
where Wαβγδ is the pull-back of the Weyl tensor Wµνρσ . (Notice that Wµνρσ , but not its pull-back, is
traceless).
We are now ready to calculate (11). Expanding in uα = σˆα − σα, we get
Xµ(σˆ) = Xµ(σ) + ∂αX
µ(σ)uα +
1
2
∂α∂βX
µ(σ)uαuβ +
1
6
∂α∂β∂γX
µ(σ)uαuβuγ + · · · (26)
We furthermore change integration variables from σˆ to u in (11). We will use Riemann normal coordinates
for the induced metric as well4. In particular, the Christoffel symbols at X(σ) are set to zero and and
4One may bring gαβ to δαβ at the origin by appropriate transformation of σ and u. This has the effect of producing a
factor of
√
∂αX · ∂βX in the measure of σ.
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their derivatives at X(σ) are given by
∂αΓ(2)βγ
δ =
1
3
(R(2)αβγ
δ +R(2)αγβ
δ). (27)
The various quantities entering in the calculation have the following expansion
|X(σ)−X(σˆ)|2 = u2 − 1
12
Ωαβ · Ωγδuαuβuγuδ +O(u5) (28)
δ(s2 − ǫ2) = 1
2u
[
δ(u− ǫ)(1 + 1
4
u2Ωαβ · Ωγδuˆαuˆβ uˆγ uˆδ)− 1
4
δ′(u− ǫ)u3Ωαβ · Ωγδuˆαuˆβuˆγ uˆδ +O(u3)
]
ǫαβǫγδ∂αX
ρ(σ)∂βX
σ(σ)∂γX
µ(σˆ)∂δX
ν(σˆ)ηρµησν =
2−
(
∇2X ·Ωαβ + 2
3
(R(2)αβ − δγδRαγβδ)
)
uαuβ +O(u3),
where uα = uuˆα.
Putting everything together, and performing the (elementary) u integration, we finally obtain
δ〈W (Σ)〉 = exp
∫
Σ
dσ1dσ2
√
det ∂αX · ∂βX
[
φ
4
ǫ2
+
φ
(
−3
4
((∇2X)2 − 4gαβPαβ)− 1
2
R(2) −
1
6
gαγgβδWαβγδ
)
− 5
6
∇2XµDµφ
]
. (29)
Notice that the anomaly is indeed a sum of type A, B and D anomalies. One should also note that it is
not a multiple of the anomaly obtained in the large N limit of N -coincident M -theory five-branes [4].
We note that the quadratic divergence can indeed be removed by wave-function renormalization.
Namely, rather than W (Σ), we should consider the renormalized observable
W (Σ)R = W (Σ)× exp
∫
Σ
dσ1dσ2
(
− 2
ǫ2
√
det gαβ
)
= exp
∫
Σ
dσ1dσ2
[
2πiǫαβ∂αX
µ∂βX
νBµν − 2
ǫ2
√
det ∂αX · ∂βX
]
. (30)
(More precisely, one should also subtract the logarithmic divergences, but we have not displayed these.)
Notice the similarity between the renormalized Wilson observable and the worldsheet string action.
Pushing this similarity a step further, it is tempting to identify the cut-off ǫ with the string length of
an underlying string theory, and the coefficient of R(2) term in the conformal anomaly with its central
change. Notice also that the conformal anomaly of the (large N) interacting (2, 0) theory [4] does not
contain an R(2) term, indicating a cancellation between the various contributions.
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